We study topological T-duality for spaces with a semi-free S 1 -action with isolated fixed points. Physically, these correspond to spacetimes containing Kaluza-Klein monopoles. We demonstrate that the physical dyonic coordinate of such spaces has an analogue in our formalism. By analogy with the Dirac monopole, we study these spaces as gerbes. We study the effect of topological T-duality on these gerbes.
Introduction
String theory replaces point particles by extended objects called strings propagating in a background spacetime called the "Target Space" [1] . Torus duality or T-duality in string theory is an important symmetry of string theories in which the target space has a torus action: IIA string theory with a target spacetime X possessing a T n -action is identical to IIB string theory on the T-dual spacetime X # [2] ; i.e., the two quantum theories are identical up to a canonical transformation.
In the case that spacetime is a principal T n bundle over a base, the dual spacetime X # is roughly one in which each torus orbit in the original spacetime has been replaced by its dual torus (following Ref. [3] , if Λ is a lattice in R n and Λ * is the dual lattice in the dual vector space (R n ) * , then the torus dual to R n /Λ is (R n ) * /Λ * ). In the original string theory calculation, the T-dual is obtained as a manifold together with various extra data (metric, B-field, dilaton, and R-R charges).
1 Surprisingly, if we restrict ourselves to spacetimes which are principal T n (n = 1, 2) bundles over some base, it is possible to develop a theory of T-duality using only topological information.
2 That is, it is possible to specify the topological structure of the T-dual of a given spacetime using only the H-flux and topological structure of the original spacetime.
3 This is surprising since string theory usually requires a smooth, semi-Riemannian manifold (usually a Kähler manifold) as its target. The resulting theory has been the subject of the papers [3, 4, 5] and may be viewed as a "topological approximation" to T-duality in string theory. That is, it should be possible to take a spacetime X which possesses a T-dual in the sense of Ref. [3] and give it additional structure (metric, spin etc.) so as to construct on X a type IIA string theory and to construct on X # a type IIB string theory which form a dual pair (however, see Ref. [5] ).
Suppose X is homeomorphic to a smooth closed, connected Riemannian manifold. Suppose, further that X possesses a smooth, semi-free, action of T n , (n = 1, 2). (By a semi-free action, we mean an action with exactly two types of orbits: free orbits and fixed points.) Then we are in the basic setup of Ref. [3] if a class δ ∈ H 3 (X, Z) is specified. Here X is to be viewed as a spacetime and the map X → X/T n is a degenerate fibration.
If the semi-free action has no fixed points, it is free and so by the Gleason slice theorem, X is a principal T n -bundle over X/T n . This case has already been extensively studied in Refs. [3, 6] . There, the authors associate to a space X with H-flux δ, the continuous trace algebra CT(X, δ). If X is a principal T n -bundle (n = 1, 2), they demonstrate the following:
• If n = 1, there is a unique lifting α of the R-action on X to CT(X, δ). The T-dual spacetime to X is given by the spectrum of CT(X, δ) ⋊ α R. In this case, the crossed product is always continuous trace.
• If n = 2 and if a certain condition is satisfied, the T-dual is unique and is given by the spectrum of the crossed product as above. If this condition is violated, however, there is no unique lifting of the R n -action on X to CT(X, δ). Also, the crossed product is not Type I. However, as explained in Ref. [3] , the T-dual may be viewed as a non-commutative space.
In either case, the natural action ofR n on the spectrum of the crossed product makes it into a principal T n -bundle over X/R n .
In this paper, we study the T-duals of semi-free S 1 -spaces. In Section 2, we show that the formalism of Ref. [3] extends to spaces containing KK-monopoles. In Section 3, we show that the result obtained in the previous section may be used to define an analogue of the dyonic coordinates of a system of KK-monopoles within the formalism of topological T-duality. In Section 4, we study the result of Section 2 using gerbes.
2
Kaluza-Klein monopoles and T-duality
In this paper, we study semi-free S 1 -spaces with non-empty fixed point sets. Now, it is well known [7] that a smooth action of a compact Lie group G on a smooth manifold M in a neighborhood of a fixed point is equivariantly-G-homeomorphic to an orthogonal action of G on a finite-dimensional vector space. It would be helpful to consider this case first.
Thus, now we let X be R k with a faithful orthogonal action of S 1 . We view this as defining a fibration of R k over the quotient space. We attempt to define a T-dual for such a fibration. Note that there can be no H-flux in this setting, since R k is contractible (i.e., δ = 0). As in Ref. [3] , we introduce the C * -algebra A = CT(X, δ). We lift the S 1 -action on X to a R n -action α on A. This may always be done for all n because X is contractible (see Raeburn and Rosenberg [6] .) 4 As in Ref. [3] , we may attempt to define the T-dual of X as the spectrum of the crossed product A ⋊ α R.
As a test example, let X = C 2 with the S 1 -action e 2πiθ · (z, w) = (e 2πiθ z, e 2πiθ w).
This may be lifted to the obvious action of R namely, α t (z, w) = (e 2πit z, e 2πit w).
Note that the S 1 -action leaves each 3-sphere
invariant. The S 1 -action on each S 3 r has S 2 as quotient. The quotient map is the Hopf fibration. The origin (0, 0) is a fixed point for the R-action.
We may also view this as a fibration of C 0 S 3 over the base
) the open cone on S 3 ). The map sending C 0 S 3 to C 0 S 2 is the Hopf fibration when restricted to S 2 × {t}, t = 0 and sends the vertex of
Physical T-duals
As we mentioned in the introduction, T-duality was first discovered in the theory of closed strings. This formalism only allows us to calculate the T-dual of space with a free T n -action. It was soon realized that string theory contains a theory of extended objects called "branes". These are (roughly) submanifolds of spacetime on which strings can end. Due to the strings ending on such a submanifold, 5 there is a quantum field theory defined on it. There are two types of branes: the Dp-branes are submanifolds which are sources of the R-R fields of string theory;
6 the NS5-branes, on the other hand are submanifolds which are sources of the Neveau-Schwartz-B-field. 7 After the introduction of Dp-branes, T-duality was studied by putting Dp-brane probes into a geometry. The T-dual is the moduli space of the worldvolume theory on the Dp-brane. This approach is extremely flexible and enables the calculation of several T-duals unobtainable by previous methods.
It is useful to study the T-duals of semi-free S 1 -spaces in the physics literature.
1) The T-dual of a NS5-brane is a Kaluza-Klein (KK) monopole (see Refs. [8, 9, 10] ). Geometrically, an NS5-brane is a six-dimensional submanifold of X which is a source of H-flux. Topologically, X is a fibration
where π is the projection map. The worldvolume of the NS5-brane intersects the S 1 -fiber π −1 (0) at a single point while its six worldvolume directions occupy R 6 . Since R 6 is contractible, it does not affect the topological type of the T-dual. In the following, we will model this by study-
We will say that the NS5-brane is sitting at some location on the S 1 -fiber over 0. This brane emits 1 unit of H-flux which we model as the cohomology class [ 
, where [1] is the generator of
A Kaluza-Klein monopole is a semi-Riemannian manifold, 8 which solves Einstein's equations. Topologically, this manifold is R 5 with metric g KK = −dt 2 + g TN . Here g TN is a certain Riemannian metric on R 4 called the Taub-NUT metric. 9 The space (R 4 , g TN ) (termed "Taub-NUT" space) possesses an isometric action of S 1 with one fixed point, and is S 1 -equivariantly homeomorphic to C 2 with the S 1 -action λ·(z 1 , z 2 ) = (λ·z 1 , λ·z 2 ), λ ∈ S 1 ⊆ C, z i ∈ C. In the physics literature, the time direction is often ignored and (R 4 , g TN ) is also called the "Kaluza-Klein monopole". For our purposes, a Kaluza-Klein monopole is an S 1 fibration over R 3 ≃ C 0 S 2 . Over each sphere {t} × S 2 in the base, the fibration is the Hopf fibration. Over 0 in the base, the fibration degenerates to a point. It may be viewed as a fibration
Thus, we say that the string-theoretic T-dual of This T-dual may be calculated using Buscher's rules. We use polar coordinates (r, θ, φ) to parametrize the base and a periodic coordinate κ to parametrize the S 1 -fiber. Following Ref. [11] , the Riemannian metric on Taub-NUT space may be written as
where d r = (dr, dθ, dφ), (note that φ is the periodic polar coordinate). H(r) = g −2 + (2r) −1 , and ω r = ω θ = 0, ω φ = (1 − cos(θ)). We may write
where κ is the coordinate on the S 1 -fiber. Let By Ref.
[2], we haveg
Now, we have b αβ = 0, g 00 = H, g 0α = 0 by equation (2.2) above. Thereforẽ g 00 = H,g 0α = 0 ∀α. Also by equation (2.3),g αβ = g αβ if α = 3 or β = 3. We also havẽ
Hence,
It is clear thatg is conformally equivalent to a product metric on R 3 × S 1 . As r → 0, H → ∞ thus implying that the S 1 -fiber over 0 ∈ R 3 is infinitely far away from the rest of the space. This is termed as a smeared Hmonopole solution. Quantum effects [11] are supposed to modify H so that lim r→0 H(r, θ) is finite except at the value of θ corresponding to the location of the H-monopole.
2) The T-dual of a set of p distinct, non-intersecting NS5-branes is a p-center KK-monopole (see Ref. [8] ). This is obtained from the previous example in the obvious fashion: we introduce p sources of H-flux in spacetime for the p NS5-branes. In the T-dual, we allow the S 1 -fiber to degenerate to a point over p points in the base.
Let (X p , g p ) be the spacetime containing p KK-monopoles. 10 This space posseses an isometric action of S 1 which is free except for p fixed points. The quotient of X p by the S 1 -action is R 3 with the Euclidean metric. Let π : X p → R 3 be the quotient map. If we use polar coordinates (r, θ, φ) on the base R 3 , then we may write the metric g p in terms of these three coordinates and an additional coordinate κ on the S 1 -fiber. Let
The above expression for g p agrees with the expression for g TN above (see equation (2.1)) except that the expression for H is different in the two cases. Since the expression for H does not appear in the application of Buscher's rules above, the form of the metric on the T-dual is the same in both cases. Therefore, the metric on the T-dual of g p is
This is conformally equivalent to a product metric on R 3 × S 1 . The fibers over r i , i = 1, . . . , p are infinitely far away from the rest of the spacetime, similar to the T-dual of one KK-monopole. Now, consider the case p = 2. Let Y be a line segment joining the image of the two centers in R 3 . We have
(this may also be seen by examining the expression for g 2 ). Suppose we collapse Y to a point in X 2 and π(Y ) to a point in R 3 , we would obtain an equivariant fibrationπ :
W are contractible to their vertices. This implies that X 2 is homotopy equivalent to W = π −1 (Y ) ≃ S 2 (in fact equivariantly so). If p > 2, we may always change the total space by a homeomorphism so that the image of the p centers in R 3 under π lie on a straight line W. The inverse image of W under π is a collection of (p − 1) spheres joined to each other at one point and is homeomorphic to a wedge of (p − 1) spheres. By an exactly similar argument to the above, X p is homotopy equivalent to this wedge of (p − 1) spheres.
3) The T-dual of a H-monopole of charge p is a KK-monopole of charge p.
12
A H-monopole of charge p is a fibration of the form
The H-monopole sits at some point in π −1 (0) and emits p units of H-flux
. The KK-monopole of charge p is similar to the KK-monopole configuration above, except that the fiber over each S 2 ×{t} in the base is a S 1 bundle of Chern class p, i.e., we have a fibration like CL(1, p) → CS 2 where L(1, p) → S 2 is the lens space viewed as a principal S 1 -bundle. 13 
Test Example
To the test example, we will associate A ≃ CT(C 0 S 3 , 0), as there is no H-flux on C 2 . By Ref. [6] , the R-action on X ≃ C 0 S 3 lifts to a unique R-action α on A. We work with the example of Section 2. Suppose we consider CT(X, 0), then, as shown in [6] , the S 1 -action on X lifts uniquely to a R-action on X. By Theorem 4.8 of Ref. [6] , the spectrum of the crossed product is homeomorphic to (X ×R)/ ∼, where ∼ is the equivalence relation given by
⊥ . For R, all irreps are one-dimensional, and of the form π k :
Distinct values of k correspond to non-unitarily-equivalent irreps. (As a topological space Rˆis homeomorphic to R.
. If x = 0, the stabilizer is Z, so, we have e i(k1−k2)n = 1, ∀n ∈ Z. This implies that (k 1 − k 2 ) = 2lπ, ∀l ∈ Z. Thus, points inR are periodically identified. Further, points in the same S 1 -orbit are identified. So, for x = 0, we have the dual principal bundle S 2 × S 1 as described in Ref. [3] . If x = 0, the stabilizer is R, so, we have e i(k1−k2)x = 1, ∀x ∈ R. This implies that k 1 − k 2 = 0. Thus, at the fixed point there is no quotienting.
, it is impossible to choose disjoint neighborhoods for them in X ×R (since theW i form a neighborhood basis at k i ).
So, we see that the crossed product has a very non-Hausdorff spectrum. In particular, its spectrum is S 2 × S 1 × (0, ∞) with the lineR glued on at 0. The gluing is such that if a sequence {x i } ∈ S 2 × S 1 × (0, ∞) converges to x ∞ ∈ (0 ×R), then it converges to x ∞ + 2πl, ∀l ∈R. Note that if we remove the fixed point of the R-action on X, the crossed product is a non-trivial continuous-trace algebra
The crossed product A ⋊ α R is not continuous trace, sinceÂ is not T 2 . However, it may be viewed as a C * -bundle over
, this bundle is a continuous-trace algebra with Dixmier-Douady invariant δ # . Over π −1 (0), the fiber is C * (R) ⊗ K viewed as a C * −bundle over S 1 . The algebra is given by an extension of the form
This example can be viewed as calculating the spectrum of the group C * -algebra of the motion group C 2 ⋊ R.
If we view the crossed product as a C * -bundle over the maximal Hausdorff quotient of its spectrum, we obtain a C * -bundle over
is the physical T-dual. Thus, we define the physical spacetime to be the maximal Hausdorff regularization of the spectrum of the crossed product if this spectrum is non-Hausdorff.
Most physical examples of T-duality are built up from the T-duality of a NS5-brane with a KK-monopole.
Following Ref. [3] , a topological space X with H-flux δ may be naturally associated to the continuous-trace algebra CT(X, δ). This H-flux is sourceless, i.e., we can pick a 3-form which represents this H-flux in a neighborhood of every point of X. However, if the space possesses a source of H-flux, we cannot pick such a 3-form in any neighborhood of the source. (It might be helpful to keep in mind the description of the Dirac monopole in electromagnetism: recall that the flux is not defined at the location of the monopole.) Here, the flux is only defined on X − Y and so we only have a cohomology class δ ∈ H 3 (X − Y, Z). If we could find a natural definition of a C * -algebra A which encodes the structure of a space with a source of H-flux, then we hope that the spectrum of its crossed product with R n would still give the T-dual. Note also that in all the physical examples above, we are dualizing spaces X with a non-free S 1 action (with X/S 1 ≃ B) and no H-flux, to spaces which are trivial S 1 -bundles over B but contain a source of H-flux.
Assume that we are in the set-up of Section 2, with a space B × S 1 with a source of H-flux represented by a cohomology class
. We assume that the source is located somewhere over F on F × S 1 ⊂ B × S 1 . We will replace continuous-trace algebra CT(B × S 1 , δ # ) by another C * -algebra B so that the maximal Hausdorff regularisation ofB is B × S 1 and we can naturally obtain a H-flux in (B − F ) × S 1 . We suppose that B is an extension of the form
(Here, K is the C * -algebra of compact operators on a separable infinite dimensional Hilbert space.) For most spaces, there are many extensions B in equation (2.7) with the regularisation ofB equal to X [13] . However, in this case, we can see that B is uniquely determined.
Lemma 2.1. Suppose we are given the following data
Then, topological T-duality for principal S 1 -bundles with H-flux uniquely determines the algebra B in equation (2.7) .
Proof. Topological T-duality applied to the trivial principal
This completely determines the T-dual space X up to equivariant homomorphism as follows. Any orbit of a semi-free S 1 -action on a space X can only have two stabilizers namely, the identity and S 1 . As a result, the spaces X can only have two orbit types: fixed points and free orbits. Hence, if F is the subset of B such that π −1 (F ) is the fixed point subset of X, by the classification theorem for spaces with two orbit types (see Ref. [7] Chapter V Section 5), the space X is completely specified up to equivariant homomorphism by F ⊂ B and the class of the principal S 1 -bundle over B − F.
Let A = C 0 (X, K). The S 1 -action on X may always be lifted to A uniquely, and so determines a C * -dynamical system (A, α) up to exterior equivalence. Now, B may be defined as A ⋊ α R. The result is unique up to C * -algebra isomorphism.
Note that topological T-duality is a geometric operation on CW complexes by Ref. [3, 14] and hence may be freely used in computations. It is clear that B has aR-action β and the crossed product B ⋊ βR is isomorphic to A.
In general, the spectrum of B may not be a CW complex.
14 We emphasize that this does not imply that the physical spacetime is non-Hausdorff, only that for calculational purposes, it is convenient to take a non-Hausdorff space whose regularization is the physical spacetime.
Hence, we make the following dictionary
• Spacetime a principal S 1 -bundle X → B with a sourceless H-flux δ ⇔ (CT(X, δ), α), where α is the lift of the S 1 -action on X to CT(X, δ), as in Ref. [3] .
• Space B × S 1 with a NS5-brane of charge δ # wrapped on F × S 1 ⊆ B × S 1 . ⇔ The unique extension like equation (2.7) above.
If the NS5-brane is not wrapped around a S 1 -orbit, for consistency, we should associate to the space an extension like equation (2.7) above. However, it is not clear how unique such an extension is. We do not address this question here, since we are T-dualizing semi-free S 1 -spaces and the NS5-branes we encounter will always be wrapped around a S 1 -orbit.
3 Dyonic coordinates and KK-monpoles
Physical background
It might be objected that the result obtained in the previous section is accidental.
To give further evidence that it is non-trivial, we reproduce the dyonic coordinate of Refs. [11, 12, 15] within the current formalism.
In Section 1, we noted that the T-dual of a Kaluza-Klein monopole is a source of H-flux. 15 If we apply Buscher's rules [11] to a KK-monopole we obtain a Hmonopole smeared over the S 1 -fiber over {0}. Quantum corrections are expected to localize the H-monopole to a particular point in the fiber. Recall that we identified a Kaluza-Klein monopole with the space (R 4 , g TN ) (termed "Taub-NUT" space). This space possesses an isometric action of S 1 with one fixed point and which is S 1 -equivariantly homeomorphic to C 2 with the
Suppose we have a KK-monopole located somewhere in R 4 . By the previous section, this space is a semi-free S 1 -space. As argued in the proof of Lemma 2.1, a semi-free S 1 -space X is completely specified by the fixed point set F ⊂ B = X/S 1 and the class of the principal S 1 -bundle over B − F. Thus, it is specified by a class λ in H 2 (B − F ).
Here, it would be specified by the class of the principal S 1 -bundle R 4 − x → R 3 − x, and the fixed point set x ⊆ R 3 . For the case of a single KKmonopole, the isomorphism class of the principal S 1 -bundle is fixed. 16 Thus, we only need to know x to fix the KK-monopole space. Hence only three numbers are needed to specify the KK-monopole, 17 namely the location of the image of the center in R 3 under the quotient map. In the T-dual picture, we have a source of H-flux somewhere in the fiber over {0} × S 1 . This is specified by the position of the source in R 3 and the location of the source in {0} × S 1 . Thus four parameters 15 Also termed a H-monopole. 16 It must be the unique bundle over S 2 × (0, ∞) with Chern class 1.
17 Following Ref. [11, page 2-3] .
are needed to specify the T-dual. Since T-dual spaces are physically equivalent, we should need the same number of parameters on both sides. It is interesting, therefore, to ask which datum of the KK-monopole changes when we change the location of the source of H-flux in the S 1 -fiber of the T-dual. According to a result of Sen [15] (see also [11, 12] ), this may be obtained as follows. On the total space of the KK-monopole, we have a zero H-flux. This implies that the gauge field B of the H-flux is a closed 2-form (as H = dB). Since R 4 is contractible, B is also exact. However, for the multi-Taub-NUT metrics, there exist 18 L 2 -normalized 2-forms Ω i such that Ω i → 0 as |x| → ∞. It is scalar multiples of these forms that give rise to non-trivial B-fields. It is this B-field that corresponds to the position of the H-monopole in the T-dual. It is termed a "dyonic coordinate" in Refs. [11, 12] by analogy with the case of monopoles in gauge theories [17] . If the B-field changes in time according to B(t) = β(t)Ω then on the T-dual side, (see below) this corresponds to changing the angular coordinate of the S 1 factor of R 3 × S 1 via an isometry
We may explicitly calculate 19 the above effect using equation (2.3). Recall, that the Taub-NUT metric was
Its T-dual in the absence of a B-field was the H-monopole metric
Note that for the Taub-NUT metric, g 00 = H −1 ; the harmonic form B discussed above is given by
Hence we have
(g 2 H 2 ) and sõ
Thus, the T-dual is given bỹ
Therefore, if we take a diffeomorphism Γ of the T-dual, Γ :
, we see thatg(r, θ, φ, κ) = Γ * (g H (r, θ, φ, K)). Also, Γ is an isometric diffeomorphism 20 between the distinct Riemannian manifolds (R 3 × S 1 , g H ) and (R 3 × S 1 ,g). Note that as r → ∞, Γ approaches the isometry κ → κ + β. In general, it is preferable if such transformations approach the identity at infinity. Thus, we consider instead the diffeomorphism Λ of the T-dual, Λ :
which approaches the identity as r → ∞, we obtain that
We expect that it should be possible to model the dyonic coordinate discussed above within the formalism of Refs. [3, 4] . We expect this because the above Tdual was also obtained from Buscher's rules. If we could mimic this effect within the topological formalism, this would give added evidence that the T-dual in Chapter (1) is the "correct" one.
Mathematical formalism
We first simplify the problem by passing to a suitable compactification. We view C 2 as an open subset of CP 2 : i.e., we have compactified C 2 by adding an S 2 at ∞ obtained by collapsing each S 1 -orbit to a point. As H 2 (CP 2 , Z) ≃ Z, and CP 2 is compact, there is a unique harmonic form on CP 2 whose integer multiples generate
. It is shown in Ref. [16] that the restriction of this form to C 2 ⊆ CP 2 is related to Ω. Also β(t)Ω extends to a closed distributional 2-form on CP 2 and gives rise [16] to an element of H 2 (CP 2 , R). It is not clear which topological object may be associated with a real cohomology class. However, if we restrict ourselves to integral B-fields (i.e., elements of the form mΩ, m ∈ Z) we may reformulate the above as follows. If we change the B-field by adding an element of
to it, on the T-dual side, this should correspond to rotating the S 1 -fiber via equation (3.1).
We use homogenous coordinates [x 1 :x 2 :x 3 ] on CP 2 (with x i ∈ C and (x 1 :x 2 :x 3 ) ∼ (λx 1 :λx 2 :λx 3 ), ∀λ ∈ C * ) Then C 2 corresponds to the subset
and the sphere at infinity to the subset
We consider the action λ·[x 1 :x 2 :x 3 ] = [λx 1 :λx 2 :x 3 ], λ ∈ S 1 on CP 2 . This is obviously well defined. Note that on U it turns into the action of Section 2 because the following commutes
Hence we have an S 1 -action on CP 2 which we may lift to a R-action α t on C(CP 2 , K). Any 2-form λ ∈ H 2 (CP 2 , Z) gives rise to a spectrum-fixing automorphism of C(CP 2 , K). We recall that spectrum-fixing automorphisms of C * −algebras are classified up to inner automorphisms by their Phillips-Raeburn invariant which is a homomorphism ζ : Aut C0(X) (A) → H 2 (X, Z). The following theorem shows that this automorphism may always be "dualized": Theorem 3.1. Let X be a finite CW complex with a semi-free S 1 -action. Let α t be a lift of the S 1 − action on X to C(X, K). Proof. Let A = C(X, K) then X =Â.
1. We have a short exact sequence
Pick any Z-actionλ with ζ(λ) = [λ]. Note that ζ(α −tλ α t ) = α * t (ζ(λ)) (By Lemma 4.4 of Ref. [18] ). Since α * t = id, ∀t ∈ R (as α * 1 = id ), we have ζ(α −tλ α t ) = [λ], ∀t ∈ R. We see that α −t λα t is equal to λ up to inner automorphisms. If it were exactly equal to λ we would obtain a map φ : R × Z → Aut(A). As it is, we obtain a mapφ : R × Z → Out(A). To lift this to Aut(A), by Ref. [18] , Lemma 4.6, an obstruction class in H use the fact that (G, A) if G is second countable and locally compact and A is a polish abelian G-module (see [19, Theorem 7.4] ). Now, by Ref. [20, Theorem 9] , there is a spectral sequence 21 converging to C(X, T) ) has a trivial Z-action, since C(X, T) has a trivial Z-action. Since Z has the discrete topology, the Borel cochains with values in a Polish abelian group A with a trivial Z-action are simply all the cochains. Therefore, H * M (Z, A) ≃ H * (Z, A) , where the last cohomology group is calculated by the usual group cohomology theory. Since H k (Z,
As a result, the actionφ lifts to a twisted action φ ′ . By Raeburn's Stabilization Trick, this is exterior equivalent to an ordinary action φ.
Note that the restriction of φ to the R-factor gives an R-action exterior equivalent to α (since the lift of the S 1 -action is unique up to exterior equivalence). 2. Note that λ is a locally unitary action. Hence, we may pick a sufficiently small open set U ⊂ X such that λ is unitary on the localization A U of A to U. This defines an element f ∈ C b (R, UM(A)) by f (t) = u α , ∀t. Note that U may be taken to be S 1 −invariant. Since there are two orbit types and we're assuming everything is homotopy finite, we can choose U to be equivariantly homeomorphic to either S 1 × V with V contractible (if we're away from a fixed point) or to a cone times V, V a contractible open subset of the fixed set. For both these, H 2 (U, Z) ≃ 0, so λ localized to these sets is unitary. Now, since U is a union of
The induced automorphism on A ⋊ λ R is given on C 0 (R, A) (which is a dense Thus we see that under T-duality, a class in H 2 (CP 2 , Z) gives rise to a spectrum fixing automorphism of the crossed product algebra. We identify this with a rotation of the form equation (3.1) with β = 2mπ, m ∈ Z.
Note that in our example, the spectrum X # of the crossed product is not Hausdorff. Hence, the crossed product algebra is not continuous trace. Thus, this spectrum fixing automorphism does not define a cohomology class in H 2 (Y, Z) where Y is the Hausdorff regularization of X # . Physically, this is reasonable, since there is an H-flux in the T-dual so we would not expect a B-field there.
Multiple KK-monopoles
Consider the Multi-Taub-NUT space 22 X k . Using the coordinates given there, 23 the metric on X k is given by
where
The T-dual is given by
The harmonic forms B k on X k are given by
Hence, for the T-dual metric,
As in the previous section, the T-dual is given by
We prefer to take the following as a basis for the set of harmonic forms
Then, the T-dual is given by We take the diffeomorphism Γ of R 3 × S 1 given by
Hence, exactly in the previous section, g TN k (r, θ, φ, κ) = Λ * (g H k (r, θ, φ, κ + β)).
The calculation in the previous subsection trivially extends to multi-Taub-NUT spaces. We need a suitable compactificationX k of X k such that the harmonic forms on X k are related to the cohomology ofX k . Since g TN k is a metric of fibered boundary type [16] , we use the compactification given in that paper. Thus,X k is obtained by collapsing the S 1 -fibres of S 3 /Z k (which is the boundary of X k at ∞) to points to obtain an S 2 . We find from [16] that the L 2 -harmonic forms on X k ⊆X k are related the harmonic forms which are the elements of H 2 (X k , Z). Now, X k has an S 1 -action which extends toX k by fixing the S 2 at ∞. In Theorem (3.1), applies to any finite CW complex X which possesses an S 1 -action. This would be be the analogue of the dyonic coordinate for X k . In general, we can repeat the above construction for any Riemannian manifold of fibered boundary type using the compactification in Ref. [16] .
Gerbes and T-duality
In this section, we show that we may naturally associate a 2-gerbe (see below) to a semi-free S 1 -space. Similarly, we show that we may associate a 3-gerbe to a space with a source of H-flux. We show that topological T-duality induces a natural map between these two gerbes.
We are trying to model a space containing a source of H-flux, a 3-form field. It is useful to begin by studying a simpler example, a Dirac monopole (this is a source of a 2-form field, the electromagnetic flux). We begin by reviewing a construction of J.-L. Brylinski [21] .
The Dirac monopole
It is well known that a Dirac monopole situated at x ∈ R 3 defines a line bundle E on R 3 − x, the gauge bundle, together with a connection ∇ X on this line bundle. The connection is only specified up to a gauge transformation, i.e., we consider ∇ X equivalent to U ∇ X U * , where U is a section of the bundle End(E).
The curvature of this connection is identified with the electromagnetic field strength F emitted by the monopole. It is a closed 2-form on R 3 − x. Following Refs. [21, 22] , we view the field strength of the monopole F as a distribution-valued 2-form on R 3 with singular support at x. Maxwell's equations for the field generated by the monopole are dF = l and d * F = h, where l, h are distribution-valued differential forms with support at the point x in R 3 ; these model the monopole as a source of the electromagnetic field.
(From now on, we assume that the monopole is located at x = 0. We will relax this restriction later.) From the equations governing F , it follows that F diverges as F ∼ 1/|y| α for some constant α as y → 0
Classically, a line bundle with connection has a characteristic class which is the de Rham cohomology class of its curvature 2-form. In Refs. [22, 21] , the authors obtain a generalization of this characteristic class for the monopole as follows. Suppose we attempt to use the curvature of the line bundle associated to the monopole to obtain a cohomology class. This class would most naturally reside in the cohomology of the complex Ω class in H 3 (S 3 ). It is also clear by the above argument that changing the location of the monopole from 0 to x ∈ R 3 will not change the above class in
It is interesting to view the class obtained above in a geometric way which will be useful later. Elements of H 3 (S 3 ) are in one-to-one correspondence with stable continuous-trace C * -algebras with spectrum S 3 . Given a monopole on R 3 , is it possible to uniquely obtain a continuous-trace algebra on S 3 ? Also, does every continuous-trace algebra on S 3 arise in this way?
Suppose we are given a monopole located at a point x ∈ R 3 . This gives rise to a closed 2-form (the gauge field strength) on R 3 − x. The de Rham cohomology class ω of this 2-form defines an element 24 in H 2 (R 3 − x, Z) and thus a map
is homotopy equivalent to PU we obtain a map from (R 3 − x) → PU. (Note that R 3 − x ≃ S 3 − {x, ∞}.) Using the gluing construction of continuous-trace algebras on S 3 given in Ref. [13] , we see that we obtain a unique stable continuous-trace algebra on S 3 associated to the monopole.
25
Every class in H 3 (S 3 ) arises in this way because the Dixmier-Douady invariant of the continuous-trace algebra, which classifies the algebra up to isomorphism, is the image of ω in
Note that the same algebra on S 3 represents the gauge bundle of a monopole at any other
Since these open sets are contractible, the algebra localized to these sets is C 0 (U * , K). We obtain transition functions on U x ∩ U ∞ which define the same class in H 2 (S 2 ) as above, since the Dixmier-Douady invariant is the same. This shows that we have a line bundle defined on U x ∩ U ∞ which we identify with the gauge bundle of a monopole located at x.
Sources of H-flux
For the first T-dual pair, we have a source of H-flux situated at 0×S 1 on C 0 S 2 ×S 1 . We represent such a situation by a distribution-valued 3-form on C 0 S 2 × S 1 with singular support at 0 × S 1 . As above, we expect that its cohomology class in a suitably defined group should give a topological invariant of this situation. By an argument similar to the one given above, the cohomology class should lie in
. We have an exact sequence, (4.4)
The form is integral because of "Dirac Quantization". 25 Take trivial continuous-trace algebras over S 3 − x and S 3 − ∞ and glue on the overlap using the above function, noting that PU ≃ Aut(K). 26 Hence the associated continuous-trace algebra does not determine the monopole completely.
As C 0 S 2 × S 1 is homotopy equivalent to S 1 , we get an isomorphism φ * :
, where we view S 3 as the 1-point compactification of C 0 S 2 . We get a commutative diagram (4.5)
and hence an isomorphism
We would like a geometric version of this isomorphism; i.e., given an extension like equation (2.6), we would like to naturally associate a class in H 4 (S 3 × S 1 ). We use the above argument to associate a 2-gerbe (see below) on B + to a semi-free S 1 -space X with X/S 1 = B. We show in Theorem. (4.3) below that T-duality gives a natural mapping between 2-gerbes on B and 3-gerbes on B + × S 1 . The characteristic class of this 3-gerbe is exactly the class obtained above.
Gerbes
Following Ref. [23] , we define a k-gerbe on a space to be a geometric object whose isomorphism classes are naturally associated to a class in H k (X; C * ) ≃ H k+1 (X; Z) where C * is the sheaf of germs of C * −valued functions on X. Therefore, 27 a 0-gerbe is just an element of C(X, C * ) up to homotopy. A 1-gerbe is a line bundle (since isomorphism classes of such objects are in one-to-one correspondence with elements of H 1 (X; C * )). A 2-gerbe is an object whose isomorphism classes are naturally associated to an element of H 2 (X; C * ) ≃ H 3 (X; Z) and may be identified with a continuous-trace algebra on X up to isomorphism. No explicit realizations of gerbes above degree 2 are known, but they may be easily specified (see Ref. [24] Section 4.5) in terms of data similar to that given below for 2-gerbes. 
The word "gerbe" in the following always refers to gerbes in the sense of Ref. [23] i.e., strict gerbes in the sense of Brylinski.
28 We follow Ref.
[24] Definition 2.1.1, here. These are termed "gerbs" in Ref. [24] and are shown to be identical with 2-gerbes in the sense of Ref. [23] later on in that paper.
(and we write U i,j = U i ∩ U j and so on for other tuples of indices).
• A complex line-bundle Γ • On 4-fold intersections we require that δθ = 1, where δ is the Cech coboundary operator.
We refer to Ref. [24] for the notion of a refinement of a 2-gerbe and a proof of the fact that a 2-gerbe naturally gives rise to a class in H 3 (X; Z). Note that by passing to a sufficiently fine cover, the Γ i j could be trivialized. Then, the above definition reduces to that of a Cech 3-cocycle. However, the above definition works for any open cover.
Note that the above definition of a 2-gerbe may be used to construct a continuoustrace algebra on X. The vector bundles Γ i j give maps from U i,j to PU. Since PU is isomorphic to Aut(K), these maps may be used to glue C 0 (U i , K) together along the U i,j to get a continuous-trace algebra as in Ref. [13] . Conversely, given a continuous-trace algebra on X, we obtain a gerbe, since the PU cocyles defining the continuous-trace algebra will give the vector bundles Γ • An open cover of X {U i : i ∈ I} with I U i = X (and we write U ij = U i ∩ U j and so on for other tuples of indices).
• A 2-gerbe, i.e., a continuous-trace algebra A • A trivialization of the coboundary of the Γ ijk on 4-fold intersections U ijkl , i.e., a canonical section η ijkl of
We follow Ref.
[24] Section 4.5 here.
T-duality as an extension of C * -algebras. We justify this by showing how it may be used to model the dyonic coordinate of a KK-monopole. We also study this extension using gerbes. We summarize the contents of this paper by the following commutative diagram. Each of the horizontal arrows is one of the results of this paper: It would be interesting to extend this to semi-free T n spaces. It is shown in Ref. [3] that it may not always be possible to T-dualize such a space. However, it would be interesting to see if we could study the "brane box" [26] configurations using some extension of the present formalism.
We showed using topological T-duality in Section 2 that the algebra obtained as the extension equation (2.7) is entirely determined by its spectrum, a cohomology class in (X − F )/S 1 × S 1 , together with the fixed point set F ⊂ X/S 1 . Is there an alternative characterisation of this C * -algebra, independent of Topological T-duality? If so, this algebra would be a model for spaces with an arbitrary configuration of NS5-branes.
